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The energy spectrum and local current patterns in graphene quantum dots are investigated for
different geometries in the presence of an external perpendicular magnetic field. Our results demon-
strate that, for specific geometries and edge configurations, the quantum dot exhibits vortex and
anti-vortex patterns in the local current density, in close analogy to the vortex patterns observed in
the probability density current of semiconductor quantum dots, as well as in the order parameter
of mesoscopic superconductors.
PACS numbers:
I. INTRODUCTION
In superconducting materials under an applied mag-
netic field, supercurrents of Cooper pairs circulate in or-
der to expel the field, which is known as the Meissner
effect.1 However, especially in superconducting alloys,
if the field is greater than a certain critical value, it is
able to penetrate the superconducting sample, forming
localised quantized magnetic flux lines, around which a
vortex is formed in the supercurrent. As the field in-
creases, more vortices enter the sample with quantized
magnetic flux, and are eventually stabilized in a triangu-
lar Abrikosov lattice.2–11
In 2003, Chibotaru and co-authors12 studied supercon-
ducting mesoscopic samples with various geometries and
found that the pattern of vortices formed in these struc-
tures follows not only the formation of the Abrikosov
lattice, but also the sample symmetry: if the system
is a mesoscopic square, for example, vortex patterns
are arranged in such squared symmetry.4,5,12 Experi-
mentally, vortices were observed in materials ranging
from: electron plasmas13 to mesoscopic superconductors
with triangular14, square15,16 and circular17 geometries.
More recently, vortex patterns were also studied in arti-
ficial photonic graphene18 and thin films19,20 using opti-
cal induction method, scanning SQUID (superconducting
quantum interference devices) microscopy and scanning
Hall probe. respectively. However, vortices have not been
observed in graphene yet. One possibility to find vortices
in graphene is indirectly, using scanning tunneling micro-
scope in order to obtain the level density of states. Other
imaging techniques, like magnetic force microscopy and
scanning Hall probe are also promising for visualization
the magnetic fields generated by these circular currents.
Inspired by such vortex lattice formation, Slach-
muylders et al. investigated a similar effect in semi-
conductor quantum dots (QD).21 In fact, for electrons
confined in a semiconductor planar circular dot under
an external magnetic field perpendicular to the system,
the energy levels exhibit a series of crossings as a func-
tion of field.21–24 As the angular momentum operator
in this case commutes with the Hamiltonian, the en-
ergy eigenstates are also eigenstates of angular momen-
tum, therefore, crossing points in the energy spectrum
as a function of magnetic field, in fact, represent differ-
ent degenerate states of the angular momentum opera-
tor. However, if the circular symmetry is broken, e.g.,
by a triangular or square confinement potential, the an-
gular momentum eigenstates are no longer eigenstates of
the Hamiltonian, thus enabling anti-crossings formed by
states that are a combination of different angular momen-
tum states. Moreover, in such circular geometry, Lorentz
force induced by the magnetic field inside the confining
geometry may be responsible for the appearance of ro-
tating currents. Such circulating currents would be anal-
ogous to vortices in superconductors, while the angular
momentum quantization is analogous to the quantization
of the magnetic flux. The analogy seems to be even more
justified when we realize that the first Ginzburg-Landau
equation, depicting the Cooper pairs density in the su-
perconductor, is actually the same Schrödinger equation
governing electrons in the semiconductor, but with a non-
linear additional potential.25 The possibility of combin-
ing states composed by positive and negative angular mo-
mentum states at the anti-crossings of the semiconductor
QD spectrum, thus allowing the existence of a network of
vortices and anti-vortex, makes this an even more inter-
esting topic. A very thorough investigation was made on
these vortex states in squared and triangular semiconduc-
tor quantum dots, where a comparison to the expected
vortex patterns in mesoscopic superconductors with sim-
ilar geometry was performed.21
With the recent experimental discovery of
graphene26,27 (for reviews, see Refs. [27–29]), there
is now a new system to investigate the formation of this
type of vortex. In fact, a vortex pattern in the Berry
connections for a graphene quantum dot with triangular
geometry was made in 2010 by Ezawa30 within contin-
uum model. However, efforts of studying the formation
of vortices induced by magnetic fields in this and other
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FIG. 1: (Color online) Lattice structure of (a) circular QDs,
triangular QDs with (b) zigzag and (c) armchair edges, and
(d) squared QDs. Primitive lattice vectors are denoted by a
and b, where a = 0.142 nm is the C − C distance. The blue
region is the area of one carbon hexagon and the atoms of the
two sublattices are represented by blue (open) and red (full)
dots. The side length (radius) of each structure is denoted
by L (R), and NAC(ZZ) is the number of armchair (zigzag)
carbon rings in each side of the dot (in grey).
geometries and edge types are scarce in the literature.
Another motivation for this study arises from the fact
that, unlike usual semiconductors,30 where low-energy
electrons obey the Schrödinger equation within the ef-
fective mass model, and superconductors, where Cooper
pairs obey nonlinear Schrödinger equation, in graphene,
the low-energy electrons obey the Dirac equation for
massless particles, as we shall discuss in further detail in
this work. It is then interesting to investigate whether
there is indeed the formation of vortex lattices in some of
the energy eigenstates of these graphene structures and,
in this case, under which conditions of field strength,
geometry and edge type these vortices appear, and how
they relate to angular momentum states.
In this paper, we investigate, within the tight-binding
(TB) model, the formation of vortex patterns in the
probability density current distribution of eigenstates in
graphene quantum dots, induced by the presence of a per-
pendicularly applied magnetic field. Different quantum
dot geometries and edge types are considered, and the
interplay between vortices and anti-vortices appearing in
the system as the magnetic field increases is discussed in
what follows.
II. THEORETICAL MODEL
A. Probability density current
We study monolayer graphene quantum dots (GQD)
within the nearest neighbour TB model, whose Hamilto-
nian is given by
HTB =
∑
i
(εi +Mi) c
†
i ci +
∑
〈i,j〉
(
τijc
†
i cj + τ
∗
ijcic
†
j
)
, (1)
where εi is the energy of the i-th site, τij is the hopping
energy (τij = 2.7 eV), c
†
i (ci) is the creation (annihila-
tion) operator for an electron in site i, and the sum is
taken only between the nearest neighbors sites i and j.
Magnetic field is included via Peierls phase31 in the hop-
ping parameters, i.e., τij → τijexp
[
2πi
φ0
∫ i
j
~A · d~l
]
, where
B is the magnetic field, ~A is the magnetic vector poten-
tial, and φ0 = h/e is the magnetic quantum flux. The
energy spectra obtained in this paper are shown as a
function of φ/φ0, where φ = 3
√
3a2B/2 is the magnetic
flux through a carbon hexagon. The dot is “cut” from
the original graphene flake to a desired geometry by set-
ting a high value for εi (out of the energy spectrum) and
τij = 0 to the atoms outside the dot. It is also inter-
esting to investigate the case where the dot is not “cut”
out from the sample, but rather defined by an external
region of infinite mass. Such infinite mass, described by
a staggered potential Mi = +V (−V ) for sites of sublat-
tice A (B) of the honeycomb lattice of graphene, opens
a gap in the energy spectrum, which avoid electrons to
come out of the dot. Previous works studied theoret-
ically the confined states by using a similar approach
for graphene32–39, bilayer40,41, and trilayer42 graphene
nanostructures obtained by using the infinite mass po-
tential. This is supposed to provide quantum confine-
ment as much as cutting the graphene dot, but, as we
will discuss latter on, edge effects play an important role
in the latter case, making the energy spectrum and lo-
cal current densities different as compared to the infinite
mass case. We defined a very large mass-term potential
of M = 0.9 eV.
The quantum dots considered in this paper has a
length of the order of 100 ∼ 101 nm due to computa-
tional limitations. As a result, the typical energy scale
is of the order of eV because of the strong confinement.
However, the energy scales as E ≈ π~vF /L, with the size
L of the system and the magnetic field as 1/L2. There-
fore, our results can be easily be extrapolated to larger
systems by making use of this scaling. The confining ge-
ometries used in this work are defined by square (SGQD),
circular (CGQD), triangular zigzag (TZZGQD) and tri-
angular armchair (TACGQD) quantum dots, as shown
in Fig. 1, where zigzag and armchair refer to the edge
types.
The probability density currents can be obtained,
based on the method developed in Refs. [43–45], from the
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definition of probability density in the continuous space
using finite difference df/dx = (fi − fi−1)/∆x, so
ji = −
}
m∆x
=
[
Ψ†iΨi−1
]
(2)
where =[z] represents the imaginary part of a complex
number z. On the other hand, using finite difference in
the Schrödinger equation leads to an eigenvalue equation
EΨi =
(
− }
2
2m∆x2
)
Ψi+1 +
(
− }
2
m∆x2
)
Ψi
+
(
− }
2
2m∆x2
)
Ψi−1, (3)
which is equivalent to a one-dimensional first near-
est neighbors TB model, where the hopping is τ =
−}2/2m∆x and ∆x is equivalent to the distance be-
tween the neighbors. Therefore, following this analogy,
we rewrite Eq. (2) as
ji = −
2a
}
=
[
Ψ†iΨi−1τ
]
= −2a
}
=
[
Ψ†iΨi−1Hi,i−1
]
. (4)
By defining the location of the sites through lines (i)
and columns (j) in the graphene lattice, we obtain44–46
jx(i, j) = ±
a
}
{
2=
[
Ψi,jΨ
†
i,j±1τi,j±1
]
−=
[
Ψi,jΨ
†
i−1,jτi−1,j
]
−=
[
Ψi,jΨ
†
i+1,jτi+1,j
]}
, (5a)
and
jy(i, j) =
√
3a
}
{
=
[
Ψi,jΨ
†
i+1,jτi+1,j
]
−=
[
Ψi,jΨ
†
i−1,jτi−1,j
]}
, (5b)
where the ∓ sign in jx will be positive (negative) if the
(i, j) site belongs to the sublattice A (B).
B. Energy spectrum of a CGQD revisited
In order to understand the energy states and current
distributions in GQDs, it is pedagogical to start with an
analysis of the eigenstates of a CGQD [Fig. 1(a)] under
a perpendicular magnetic field, which have been analyt-
ically calculated in previous studies32–34 from the Dirac
equation for low energy electrons in graphene by apply-
ing Berry and Mondragon47 boundary condition, that
was investigated half a century ago in the context of con-
finement of neutrino’s, and also numerically computed by
using TB model as reported in Refs. [33,48–50]. It is rele-
vant to mention that another route to find the CGQD en-
ergy states could be used, as discussed in Ref. [37], whose
analytical derivation is based on the scattering problem
formalism to obtain the boundary conditions due to a cir-
cular mass barrier in monolayer graphene. We follow the
description used in Refs. [33,34] and only the most im-
portant steps of these calculations will be repeated here
for completeness.
We assume a Dirac Hamiltonian, which describes the
low energy states of the charge carriers located in the
vicinity of the Dirac valley K, with a mass-related term
M(~r), given by
H = vf
(
~p+ e ~A
)
· ~σ +M(~r)σz, (6)
and the Dirac equation is Hψ (r, θ) = Eψ (r, θ) , with the
wave function being a two-component spinor ψ (r, θ) =
[ψ1 (r, θ) , ψ2 (r, θ)]
T
. Here, the Fermi velocity is vf ,
e is the absolute value of the electron charge, ~A =
B
2 r (− sin θ, cos θ, 0) is the symmetric gauge for the vector
potential, with θ being the polar angle, and ~σ = (σx, σy)
are the Pauli’s spin matrices in the basis of the two sub-
lattices A and B. We assume that the electrons are
confined only in the circular region, which is modeled
by an infinite mass outside of the QD, i.e., M (~r) = 0
for r < R and M (~r) → ∞ for r ≥ R, where r is the
radial coordinate and R the QD radius. As a conse-
quence, we have an infinite mass boundary condition,
so that ψ2/ψ1 = iζ exp (iθ).
47 Note that we are solving
this problem by taking the valley-isotropic format of the
Dirac Hamiltonian, it means that, although we use the
Dirac Hamiltonian that holds for the K valley states the
valleys are now differentiated by the boundary condition
quantum number ζ, that takes values +1 (−1) for K (K ′)
valley.
For r < R, Eq. (6) reduces to H = vf
(
−i~~∇+ e ~A
)
·~σ.
In cylindrical coordinates, ∇ = r̂∂r + 1r θ̂∂θ and writing
unit vectors as r̂ = cosθx̂+sinθŷ and θ̂ = −sinθx̂+cosθŷ,
the Hamiltonian can be rewritten as
H=−i~vf
(
0 e−iθ
[
∂r− ir∂θ+
eBr
2~
]
eiθ
[
∂r+
i
r∂θ−
eBr
2~
]
0
)
. (7)
Since the Hamiltonian described by Eq. (7) commutes
with the total angular momentum operator Jz = lz +
~σz/2, i.e., [H,Jz] = 0, we take simultaneous eigenstates
of H and Jz:
ψ (r, θ) = eimθ
(
χ1(r)
eiθχ2(r)
)
, (8)
where m = 0,±1,±2,±3, · · · is the total angular momen-
tum quantum number.
Substituting Eqs. (7) and (8) in the Dirac equation
and introducing the magnetic length as lB =
√
~/eB, we
obtain the following decoupled second order differential
equation[
∂2r+
1
r
∂r−
(m+ 1)
l2B
−m
2
r2
− r
2
4l4B
+
(
E
~vf
)2]
χ1(r)=0. (9)
In order to solve Eq. (9), let’s assume the ansatz χ1(r) =
rm exp
[
−r2/4l2B
]
ξ
(
r2/2l2B
)
, which generates the follow-
4
0 2 4 6 8 10
-0.9
-0.6
-0.3
0.0
0.3
0.6
0.9
0 1 2 3 4
0.1
0.2
0.3
0.4
0.5
m=2
m=0
m=-2
m=-1
m=1
m=0
m=-4
m=-1
m=-2
m=-3E 
(e
V)
 (x10-3)
K
K'
m=-1,-2,-3,-4...
m=-1,-2,-3,-4...
FIG. 2: (Color online) Energy spectrum of CGQD with ra-
dius R = 50 nm as a function of the magnetic flux calculated
by using (black dotted lines) TB and (circular symbols) con-
tinuum models for the (blue) K and (red) K′ valleys. The
inset shows an enlargement of the yellow shaded area for the
low energy levels at small magnetic fields.
ing confluent hypergeometric ordinary differential equa-
tion{̃
r∂2r̃+(m+1−r̃) ∂r̃−
[
m+1−1
2
(
ElB
~vf
)2]}
ξ (r̃)=0, (10)
with r̃ ≡ r2/2l2B . The solutions are the confluent hy-
pergeometric function of the first kind 1F1(α,m + 1, r̃)
or also called Kummer function M(α,m + 1, r̃), with
α ≡ m+1−(ElB/~vf )2 /2. However, since m can assume
negative integer values, it is more appropriate to take
the regularized confluent hypergeometric function, which
satisfies the same differential equation (10) but with a
more general argument, defined as M̃(α,m + 1, r̃) =
M(α,m+ 1, r̃)/Γ(m+ 1).51 Therefore, we have that
ψ1(r, θ) = Ce
imθrme−r
2/4l2BM̃
(
α,m+ 1,
r2
2l2B
)
, (11)
where C is the normalization constant. The component
ψ2 is found by inserting the solution for ψ1 in the differen-
tial equation coming from Eq. (7). Using the properties
of the regularized confluent hypergeometric function52,
this results into
ψ2(r, θ)=
iCE
2~vf
ei(m+1)θrm+1e−r
2/4l2BM̃
(
α,m+2,
r2
2l2B
)
.
(12)
Using the infinite mass boundary condition at r = R,
that gives χ2(R)/χ1(R) = iζ, and from Eqs. (11) and
(12), we obtain the following transcendental equation
that allows us to determine the energy levels
ζE
2~vf
M̃
(
α,m+2,
r2
2l2B
)
−M̃
(
α,m+1,
r2
2l2B
)
= 0. (13)
m=0 m=0
m=1 m=1
m=-3 m=-3
m=-6 m=-6
(a) (b)
FIG. 3: (Color online) (a) Local density currents and (b)
probability densities in a CGQD, along with a zoom in a spe-
cific region of the QD to emphasize the current pattern for
states m = 0, +1, −2 and −6. The currents are composed
of almost concentric rings of current flowing in the clockwise
(counterclockwise) direction if the value of m is negative (pos-
itive).
Since the regularized confluent hypergeometric functions
are oscillatory functions, there is an infinite number of
E′ns for given B, m, and ζ which satisfy the above equa-
tion. This defines the radial quantum number n, that is
also identified as the Landau level number. Thus, one
labels the roots of Eq. (13) by three indices: (n,m, ζ) ≡
(the principal quantum number, the total angular quan-
tum number, the valley index).
The advantage of having such analytical expression
for the eigenenergies lies on the possibility of identify-
ing the angular momentum nature of the eigenstates ob-
tained from the numerical TB approach. In cases where
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(a) (b)
FIG. 4: (Color online) (a) Probability density current pattern
and (b) probability density obtained by the TB model for the
state with φ/φ0 = 1.0 × 10−3 and E ≈ 0.496 eV in Fig. 2.
the circular symmetry is broken, such as in triangu-
lar and square dots, the eigenstates are no longer ex-
pected to exhibit simply circular currents along the dot
edges,32–39,48–50,53–55 but the analytical solution given
here still provides important information on the vor-
tex/antivortex pattern expected for these geometries, as
we will see further.
III. RESULTS AND DISCUSSION
A. CGQDs
Figure 2 illustrates a comparison between the analyt-
ical solution (symbols) obtained from Eq. (13) and the
energy spectrum obtained from the TB model (dashed
black lines) for charge carriers confined in a CGQD as a
function of magnetic field. Blue and red dots represent
analytical results for the K and K ′ valleys, respectively.
An intervalley electron-hole symmetry between states
of the same n and m is observed, i.e. −E(n,m, ζ) =
E(n,m,−ζ), as pointed out in previous works for both
zero and nonzero magnetic fields cases.32–34 The analyt-
ical spectrum allows one to assign values of angular mo-
mentum m to each eigenstate.
From the numerical CGQD eigenfunctions computed
via TB model, we plot in Fig. 3 the (a) local den-
sity currents and (b) probability densities for states as-
signed equivalently to total angular momentum index
m = 0,+1,−3 and −6 in the continuum model, for
further comparison with those of TZZGQD, TACGQD
and SGQD. The same value of magnetic flux φ/φ0 =
7.5× 10−4 is used in all cases, except for m = −6, whose
numerical state is harder to isolate from the other states
in the energy spectrum, and therefore we took the flux
φ/φ0 = 3.0× 10−3. We verify that as the magnetic field
increases, for the same state m, the current densities
shown in Fig. 3(a) just become more concentrated to-
wards the perimeter of the circular dot, as a consequence
of the fact that the radius of an electron in a circular
orbit due to a perpendicular magnetic field is inversely
proportional to the field intensity.
From the continuum model of a CGQD discussed in
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FIG. 5: (Color online) (a) Energy spectrum of a TZZGQD,
with NZZ = 50 carbon rings in each of its sides, as a function
of the magnetic flux through a single carbon hexagon. Red
lines are the Landau levels obtained from the Dirac model
for an infinite graphene layer. Sectors of this energy spec-
trum (yellow shaded region) emphasizing crossings and anti-
crossings are shown in (b) and (c), respectively. Current
flow maps and probability density current patterns for the
states labelled as (1)-(6) around the crossing and anti-crossing
points are shown in Figs. 6(a) and (b), respectively. Solid and
dashed lines in (b) and (c) correspond, qualitatively, to the
analytical energy levels of the CGQD obtained within the
continuum model, for different values of angular momentum
index m. Only the states that will be discussed in the text
are shown in (b) and (c), in order to make the crossing and
anti-crossing states more evident.
Sec. II B, it is expected that all currents are composed
of concentrics rings of current flowing in the clockwise
(counterclockwise) direction if the value of m is negative
(positive).33 However, due to the hexagonal geometry of
the graphene crystal lattice, it is not possible to obtain
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FIG. 6: (Color online) Vortex locations (black, blue and yellow crosses, with m = −1, m = 0 and m = +1, respectively,
where m correspond to the value of angular momentum), probability density currents (arrows), and current flow (color map)
in a TZZGQD for states involved in (a) crossing and (b) anti-crossing points of the energy spectrum, labelled as (1) to (6) in
Figs. 5(b) and (c). The current flow scale ranges from -1, for clockwise flow (red), to +1, for counterclockwise flow (blue).
a perfectly CGQD. Therefore, some confined states ob-
tained from the TB model exhibit non-concentric current
flows. An example of such current pattern is illustrated
in Fig. 4, for the state with energy E ≈ 0.496 eV under
a φ/φ0 = 1.0× 10−3 magnetic flux. This unexpected re-
sult, which is not captured by a continuum Dirac model,
can only be described in a TB approach, draws attention
to the possibility of observing vortices rather than the
usual circular currents in a GQD this will be even more
so when the circular symmetry is broken, as in a square
or a triangle.
B. TZZGQDs
The geometry and energy spectrum of TZZGQD are il-
lustrated in Figs. 1(b) and 5(a), respectively. The dashed
red lines in the latter show the lowest Landau levels in
the Dirac model for an infinite graphene layer, for com-
parison. The magnetic levels in the QD converge to the
Landau levels as the magnetic field increases due to the
fact that the magnetic length becomes smaller than the
system size, so that confinement effects are strongly re-
duced. The number of carbon rings along the side of
this structure is NZZ , and the side length is given by
LZZ =
√
3aNZZ , where a = 0.142 nm is the distance be-
tween adjacent carbon atoms. We considered NZZ = 50
that corresponds to L ≈ 12.3 nm. A careful analysis
of Fig. 5(a) reveals crossings and anti-crossings between
states as the magnetic field increases, as emphasized in
Figs. 5(b) and 5(c), respectively, where magnifications
of two different shaded yellow regions of the result in
Fig. 5(a) are shown.
The probability density currents illustrated in Fig. 6(a)
are obtained from the wave functions corresponding to
each energy state labelled from (1) to (6) in Fig. 5(b) for
the crossing situation. They exhibit clear vortex patterns
that do not change along a given line of states (1 − 3
or 4 − 6) and obey the symmetry of the QD. In order
to identify the vortex patterns and locations in a more
systematic way, we made use of a vortex core identifi-
cation algorithm (for more details, see Ref. [56]). The
algorithm also identifies current flows by a parameter be-
tween −1 and +1, where −1 (+1) represents a current
flow in the clockwise (counterclockwise) direction. From
now onwards, all current patterns will be plotted along
with a color map identifying current flow direction.
For the state (1) in Fig. 6(a), there are three vortices
in clockwise direction, i.e., with m = −1 (black crosses),
in a pattern that remains the same up to state (3). The
total value of angular momentum of this state is roughly
equal to the sum of each m in its respective configuration,
so, for these three states, the total angular momentum
index is −3. On the other hand, there is only one vortex
in the counterclockwise direction for states (4)-(6), with
m = 0 (blue cross). One can compare the latter to the
current pattern of a m = 0 state in a CGQD shown in
Fig. 3(a), for example.
It is also noted that states whose energy decreases with
increasing magnetic field [(1)-(3) in Figs. 6(a) and 6(b)]
have negative overall angular momentum, whereas states
with increasing energy as a function of the magnetic field
[(4)-(6) in Figs. 6(a) and 6(b)], have zero or positive over-
all angular momentum. This statement can be also veri-
fied in the inset of Fig. 2 for the CGQD.
An interesting phenomenum occurs with the energy
states which form an anti-crossing, which arises due to
a break in the otherwise circular symmetry of the QD.
Figure 5(c) shows such an anti-crossing, whose respective
vortices are shown in Fig. 6(b). We observe a clear change
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in the vortex pattern, through the creation/annihilation
of vortices, as the magnetic field increases. The color
map helps us to identify such changes in the vortex pat-
tern, where one observes vortices leaving and entering
the sample. States (1) and (3) both exhibit six vortices
in clockwise direction, i.e., with m = −1. The total angu-
lar momentum index is then −6 for both. For the states
(4) and (6), however, we see only one vortex in coun-
terclockwise direction (m = +1). In this case, the total
angular momentum index is +1. The vortex pattern be-
comes more defined for states that are further away from
the anti-crossing.
The full (green) and dashed (yellow) lines in Figs. 5(b)
and 5(c) correspond, qualitatively, to the energy levels
of the CGQD (Fig. 2) with the same values of m as dis-
cussed here, namely, m = −3 and 0 in the former, and
m = −6 and +1 in the latter. At the anti-crossing point,
the vortex pattern seems mixed: following the higher en-
ergy states line, an extra counterclockwise vortex at the
center of the QD is added to the pattern in (1) to form
(2), whereas the other six clockwise vortices leave the sys-
tem to form (6). Similarly, but now for the lower energy
states, the clockwise currents (red) approach the coun-
terclockwise vortex in (4) to form (5). As the magnetic
field increases further, these clockwise currents starts to
dominate and state (3) is formed.
C. TACGQDs
The energy spectrum as function of magnetic flux for
a TACGQD (see Fig. 1(c)) with NAC = 35 is depicted
in Fig. 7(a). A magnification on a particular region of
the spectrum, where an anti-crossing occurs, is shown
in Fig. 7(b). The side length in this case is given by
LAC = (3NAC − 1) a, so that the dot side is approxi-
mately 15.2 nm.
The probability current patterns in the states labelled
by (1)-(4) in Fig. 7(b) are illustrated in Fig. 8. The vor-
tex and current flow pattern illustrated in Fig. 8 reflects
again the triangular symmetry of the GQD and resembles
the patterns in TZZGQD: we observe a clear change in
the vortex structure, throught the creation/annihilation
of vortices from states (1)-(4). For (1) and (2) in Fig. 8,
we observe six vortices in clockwise direction, and the to-
tal angular momentum is −6. On the other hand, for the
configurations (3) and (4), the total angular momentum
is +1, as there is only one vortex in the counterclockwise
direction. Therefore, although lying in different branches
of the energy spectrum, it is clear that states (3) and
(4) (or, equivalently, (1) and (2)) represent, qualitatively,
states with vortex patterns of the same nature.
D. SGQDs
Similar conclusions can be drawn when assuming a
QD with square symmetry, such as Fig. 1(d). For this
m=-6
m=1
FIG. 7: (Color online) (a) Energy spectrum of a TACGQD,
with NAC = 35 carbon rings in each of its sides, as a func-
tion of the magnetic flux through a single carbon hexagon.
The red lines are Landau levels of an infinite graphene layer,
shown here just for reference. The yellow shaded sector of
this energy spectrum, emphasizing an anti-crossing of energy
states, is magnified in (b). Current flow maps and probabil-
ity density current patterns for the states labelled as (1)-(4)
around the anti-crossing are shown in Fig. 8. Dashed lines in
(b) correspond, qualitatively, to the analytical energy levels
of the CGQD obtained within the continuum model, for dif-
ferent values of angular momentum index m. Only the states
that will be discussed in the text are shown in (b), in order to
make the anti-crossing states more evident. The green dashed
lines in (a) correspond to the assumed mass potential value
in the dot boundary definition (M = 0.9 eV).
structure, we consider NAC = 23 and NZZ = 34, so
that the dot length is approximately LAC ≈ 9.7 nm
(LZZ ≈ 8.4 nm) for the armchair (zigzag) side. The en-
ergy spectrum of such SGQD as a function of the mag-
netic flux is shown in Fig. 9(a). A magnification on a
particular (yellow shaded) region of this spectrum, where
an anti-crossing occurs, is shown in Fig. 9(b). The cur-
rent flow map and vortex locations for the states (1)-(4)
in Fig. 9(b) are illustrated in Fig. 10. Again, one ob-
serves a change in the vortex pattern as the magnetic
field increases and the color map helps us to identify an
asymmetry on the position of the vortices with respect
to the vertical axis. This asymmetry simply reflects the
asymmetry of the mass potential surrounding the square,
which can not be made symmetrical in the case of SGQD,
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FIG. 8: (Color online) Vortex locations (black and yellow
crosses, with m = −1 and m = +1, respectively, where m
correspond to the value of angular momentum) represents a
current flow in the clockwise (counterclockwise) direction),
probability density currents (arrows), and current flow (color
map) in a TACGQD, for the states labelled as (1)-(4) in-
volved in the anti-crossing shown in Fig. 7(b). The current
flow scale ranges from -1, for clockwise flow (red), to +1, for
counterclockwise flow (blue).
since the left and right sides of this dot are composed of
zigzag edges of atoms belonging to different sub-lattices
(see Fig. 1(d)), for which the assigned potentials Mi are
opposite.
For the states labelled as (1) and (2) in Fig. 10,
we observe six vortices winding in clockwise direction
(m = −1), consequently, the overall angular momentum
index is equal to−6. On the other hand, for the states (3)
and (4), only one vortex exists, and it winds towards the
counterclockwise direction, with m = 0. It is thus clear,
following the upper energy line in Fig. 9(b), that clock-
wise vortices in state (1) move away from the sample as
the magnetic field increases, while counterclockwise vor-
tices enter the sample from the borders to form the single
counterclockwise vortex, in the center of the sample, in
state (4). Similarly, following the lower energy branch
in Fig. 9(b), one observes the clockwise vortices in the
borders of the sample dominate over the central coun-
terclockwise vortex in state (3) to eventually form state
(2).
IV. CONCLUSIONS
We investigated vortex patterns in the probability den-
sity currents of electrons in GQDs, induced by an homo-
.
.
.
.
.
.
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FIG. 9: (Color online) (a) Energy spectrum of a SGQD, with
NAC = 23 and NZZ = 34 carbon rings in each side, as a func-
tion of the magnetic flux through a single carbon hexagon.
The red lines are Landau levels of an infinite graphene layer,
shown here just for reference. The shaded (yellow) sector of
this energy spectrum, emphasizing an anti-crossing, is mag-
nified in (b). Flux flow maps and probability density current
patterns for the states labelled as (1)-(6) around the anti-
crossings are shown in Fig. 10. Dashed lines in (b) correspond,
qualitatively, to the analytical energy levels of the CGQD ob-
tained within the continuum model, for different values of
angular momentum index m. Only the states that will be
discussed in the text are shown in (b), in order to make the
anti-crossing states more evident. The green dashed lines in
(a) correspond to the assumed mass potential value in the dot
boundary definition (M = 0.9 eV).
geneous perpendicularly applied external magnetic field.
For this purpose, we used a nearest neighbors TB method
and a vortex core identification algorithm. The effect of
the geometry (circular, squared and triangular) of the
QDs, with zigzag and armchair edge types, on the cur-
rent profile was discussed. From a comparison between
the TB results for QDs with different geometries and an-
alytical results for the specific case of a circular dot, it is
possible to identify the K-K ′ valley nature and the total
angular momentum for each eigenstate of the dot. This
provides information on the number of vortices that may
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FIG. 10: (Color online) Current flow (color map), probability
density currents (arrows) and vortex localizations (black and
blue crosses, with m = −1 and m = 0, respectively, where m
correspond to the value of angular momentum) in a SGQD,
for states labelled as (1)-(4) in Fig. 9(b). The current flow
scale ranges from -1, for clockwise flow (red), to +1, for coun-
terclockwise flow (blue).
appear in the probability density currents of these dots
as the magnetic field increases.
In an ideal CGQD, in a continuum model, angular
momentum is a good quantum number and the energy
spectrum thus exhibits crossings between energy states
with different angular momentum index as the magnetic
field increases. However, when atomic-scale details of the
dot edges are taken into account in a TB model, our re-
sults shows that even for a circular geometry, the energy
spectrum exhibit anti-crossings, which are more evident
as the size of the CGQD decreases, as a consequence of
the fact that imperfections in the otherwise circular dot
geometry become more evident for small QDs. Vortex
patterns are already observed in such CGQD, which is
not predicted by the continuum model. As the circu-
lar geometry is broken further, into a triangle or square,
anti-crossings of energy levels become even more evident.
Anti-crossings between energy states as the magnetic
field increases are seen as a consequence of the fact that,
as the circular symmetry of the dot is broken, angular
momentum states are no longer good quantum numbers.
As a result, different angular momentum states may be
combined to form eigenstates of the system for trian-
gular and square geometries. Probability density cur-
rent patterns follow the dot geometry, so that the dif-
ferent angular momentum states in these systems mani-
fest themselves in the form of vortices, distributed across
the dot. In an ideal CGQD, the vorticity would cor-
respond to the quantized angular momentum states, so
that 〈Lz〉 /~ is always an integer number and probability
density currents always consists of concentric clockwise
and counterclockwise flows. However, for square and tri-
angular geometries, [H,Lz] 6= 0 and, as a consequence,
〈Lz〉 varies continuously as the magnetic field increases,
thus making non-concentric clockwise and counterclock-
wise vortices enter/exit at the sample, exactly along the
anti-crossings in the energy spectrum, where non-integer
values of 〈Lz〉 /~ are expected.
Results presented here demonstrate that the appear-
ance of vortices in mesoscopic systems under external
magnetic fields is not an exclusive feature of Schrödinger-
like quasi-particles (i.e. electrons and holes) in semicon-
ductor dots, or Cooper pairs in superconducting systems,
but is also present for the Dirac-like low energy electrons
in GQDs. Finally, we hope this theoretical prediction will
inspire works for looking at the experimental evidence of
vortex pattern formation in graphene quantum dots.
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band optical absorption in a circular graphene quantum
dot. Phys. Scr. T149, 014056 (2012).
35 M. Zarenia, A. Chaves, G. A. Farias, and F. M. Peeters.
Energy levels of triangular and hexagonal graphene quan-
tum dots: A comparative study between the tight-binding
and Dirac equation approach. Phys. Rev. B 84, 245403
(2011).
36 M. Zarenia, J. Milton Pereira, A. Chaves, F. M. Peeters,
and G. A. Farias. Simplified model for the energy levels of
quantum rings in single layer and bilayer graphene. Phys.
Rev. B 81, 045431 (2010).
37 M. Ramezani Masir, A. Matulis, and F. M. Peeters. Scat-
tering of Dirac electrons by circular mass barriers: Valley
filter and resonant scattering. Phys. Rev. B 84, 245413
(2011).
38 L. J. P. Xavier, D. R. da Costa, A. Chaves, J. M. Pereira
Jr., and G. A. Farias. Electronic confinement in graphene
quantum rings due to substrate-induced mass radial kink.
J. Phys.: Condens. Matter 28, 505501 (2016).
39 D. R. da Costa, Andrey Chaves, M. Zarenia, J. M. Pereira
Jr., G. A. Farias, and F. M. Peeters. Geometry and edge
effects on the energy levels of graphene quantum rings:
A comparison between tight-binding and simplified Dirac
models. Phys. Rev. B 89, 075418 (2014).
40 D. R. da Costa, M. Zarenia, Andrey Chaves, G. A. Farias,
F. M. Peeters. Analytical study of the energy levels in bi-
layer graphene quantum dots. Carbon 78, 392 (2014).
41 D. R. da Costa, M. Zarenia, Andrey Chaves, G. A. Farias,
F. M. Peeters. Magnetic field dependence of energy levels
in biased bilayer graphene quantum dots. Phys. Rev. B 93,
085401 (2016).
42 M. Mirzakhani, M. Zarenia, D. R. da Costa, S. A. Ketabi,
and F. M. Peeters. Energy levels of ABC-stacked trilayer
graphene quantum dots with infinite-mass boundary con-
ditions. Phys. Rev. B 94, 165423 (2016).
43 E. A. de Andrada e Silva. Probability current in the tight-
binding model. Am. J. Phys. 60, 8 (1992).
44 D. R. da Costa, A. Chaves, G. A. Farias, L. Covaci, and F.
M. Peeters. Wave-packet scattering on graphene edges in
the presence of a pseudomagnetic field. Phys. Rev. B 86,
115434 (2012).
11
45 D. R. da Costa, Andrey Chaves, M. Zarenia, J. M. Pereira
Jr., G. A. Farias, and F. M. Peeters. Geometry and edge
effects on the energy levels of graphene quantum rings:
A comparison between tight-binding and simplified Dirac
models. Phys. Rev. B 89, 075418 (2014).
46 M. Governale and C. Ungarelli. Gauge-invariant grid dis-
cretization of the Schrödinger equation. Phys. Rev. B 58,
7816 (1998).
47 M. V. Berry and R. J. Mondragon. Neutrino billiards:
Time-reversal symmetry-breaking without magnetic fields.
Proc. R. Soc. Lond. Ser. A 412, 53 (1987).
48 Y. Liu, M. Brada, E. J. Mele, and F. V. Kusmartsev. Mag-
netisation oscillations, boundary conditions and the Hof-
stadter butterfly in graphene flakes. Ann. Phys. (Berlin)
526, 449 (2014).
49 H. P. Heiskanen, M. Manninen, J. Akola. Electronic struc-
ture of triangular, hexagonal and round graphene flakes
near the Fermi level. New J. Phys. 10, 103015 (2008).
50 Z. Z. Zhang, Kai Chang, and F. M. Peeters. Tuning of
energy levels and optical properties of graphene quantum
dots. Phys. Rev. B 77, 235411 (2008).
51 For negative integer values, i. e. β = 0,−1,−2, ... = −n,
the regularized confluent hypergeometric function can be
written as M̃(α,−n, z) = (a)n+1zn+1M(α, β, z)/(n + 1)!,
where (a)n+1 are the Pochhammer symbols.
52 In our calculation we used the relation dM̃(α, β, z)/dz =
αM̃(α+ 1, β + 1, z).
53 A. Matulis, F. M. Peeters. Quasibound states of quan-
tum dots in single and bilayer graphene. Phys. Rev. B 77,
115423 (2008).
54 A. V. Rozhkov, and Franco Nori. Exact wave functions for
an electron on a graphene triangular quantum dot. Phys.
Rev. B 81, 155401 (2010).
55 D. R. da Costa, M. Zarenia, Andrey Chaves, G. A. Farias,
and F. M. Peeters. Energy levels of bilayer graphene quan-
tum dots. Phys. Rev. B 92, 115437 (2015).
56 L. Graftieaux, M. Michard and N. Grosjean. Combining
PIV, POD and vortex identification algorithms for the
study of unsteady turbulent swirling flows. Meas. Sci. Tech-
nol. 12, 1422 (2001).
